Trig Functions, Equations & ldentities May 2008-2014

la. [2 marks]
__ sin 3z cos 3z
Let f(:l:) ~— ‘sinz  costz .
For what values of x does J (z) not exist?
Markscheme
cosz =0, sinz = Ov1)
1b. [5 marks]

] ) . sin3z  cos3z
Simplify the expression sin z cosz .
Markscheme
EITHER
sin 3z cos £—cos 3z sin ©

sin z cos M1 Al
__ sin(3z—x)
= 1 ...
3 sin2z A7 A1
= 2A1
OR
sin 2z cos z+cos 2z sinxz _ cos 2z cos z—sin 2z sinz
sin x cos T

__ 2sin zcos?z+2cos?x sin z—sin _ 2cos®z—cos z—sin’z cos z
- sin z cos T Al Al
= 4cos?z — 1 — 2cos?z + 1 + 2sin’zA1= 2cos?z + 2sin’z
= 2A1
[5 marks]

2a. [3 marks]
In the triangle ABC, ABC =90° ,AC = v2and AB=BC + 1.

1

Show that cos 4 ~ 4 = 3

Markscheme

cos A = BA
2A1

sin A = B¢
A 2 A:l
cos A —sinA =
S
V2 AG
[3 marks]
2b. [8 marks]
By squaring both sides of the equation in part (a), solve the equation to find the angles in the triangle.

Markscheme
2 4 At A 241
cos*A —2cos Asin A +sin“A = 5\, 01

BA-BC
v2 R1

1—2sinAcos A= %MlAl
sin24 = )11
24 = 30°A1
angles in the triangle are 15° and 75° A1Al
Note: Accept answers in radians.
[8 marks]
2c. [6 marks]

V62
4 .

Apply Pythagoras’ theorem in the triangle ABC to find BC, and hence show that sin A =
Markscheme
BC? + (BC + 1) = 2)y1a1

2BC? + 2BC — 1 = 0A1

BC — —2++/12 (= \/??—1)

4 2 JM1A1
i A BC _ v3-1
simd="5=%7% a1



_ V-2
- 4 AG

[6 marks]
2d. [4 marks]
Hence, or otherwise, calculate the length of the perpendicular from B to [AC].
Markscheme
EITHER
h = ABsinAM1
= (BC + 1) sin AA]_
_ V341 v VE—V2 V2
2 4  ~ 4 M1AL

o

R

V3-1  3+L
33 = VZhy

Vahy,
1

2v2 Al
[4 marks]
3a. [1 mark]
The function f(z) = 3sin@ + 4 cos T js defined for 0 < z < 27 .
Write down the coordinates of the minimum point on the graph of f .
Markscheme
(3.79, =5)a1
[1 mark]
3b. [2 marks]
The points P(p, 3) and Q(a, 3), ¢ > P lie on the graph of ¥ = f(z) .
Findpandq.
Markscheme
p = 1.57 or % 9 q - 6-00A1A1
[2 marks]
3c. [4 marks]
Find the coordinates of the point, on ¥ = f(z) , Where the gradient of the graph is 3.
Markscheme
f'(z) = 3cosz — 4sinz\1)(a1)
dcosz —4sinx =3 = = = 4.43...(A1)
(y=—-4)a1
Coordinates are (4-43, —4)
[4 marks]
3d. [7 marks]
Find the coordinates of the point of intersection of the normals to the graph at the points P and Q.

Markscheme

T

2
4

_ 1
Mnormal = Mtangent (M 1)
1
gradient at P is —4 so gradient of normal at P is 4 (A1)

1
gradient at Q is 4 so gradient of normal at Q is ~— 4 (Al)
y—3 =1 (z—1.570...) (ory = 0.25z + 2.60...) (M1)

1
—3=1(z-5.999... = —0.25z + 4.499...
Y i (z ) (ory T )

equation of normal at Q is (M1)

Note: Award the previous two M1 even if the gradients are incorrect in ¥ — b=m(z — a) where (@, ) are
coordinates of P and Q (or in ¥ = M + € with ¢ determined using coordinates of P and Q.

intersect at (3-79, 3.55)a1A1

Note: Award N2 for 3.79 without other working.

[7 marks]

5. [6 marks]
cos A+sin A
Show that cos A—sin 4 S¢C 2A +tan24 .

equation of normal at P is



Markscheme
METHOD 1

cosAtsind _ 0094 4+ tan 24

cos A—sin A
consider right hand side

sec2A +tan2A4 = —L__ 4 sin24

cos 24 cos 24 M1Al

__ cos?A+2sin A cos A+sin? A
o cos? A—sin® A AlAl
Note: Award A1 for recognizing the need for single angles and Al for recognizing cos® A + sinA =1,
_ (cos A+sin A)*

"~ (cos A+sin A)(cos A—sin A) M1A1

_ cos A+sin A

T cos A—sin A AG

METHOD 2

cos A+sin A (cos A+sin A)2

cos A—sin A~ (cos A+sin A)(cos A—sin A) M1AL
__ cos®?A+2sin A cos A+sin’A
o cos2A—sin? A AlAl
Note: Award Al for correct numerator and Al for correct denominator.
_ 14sin2A4
— cos24 MI1A1
=sec2A +tan24 AG
[6 marks]
6. [6 marks]
In the diagram below, AD is perpendicular to BC.
CD=4,BD=2and AD=3. CAD = acand BAD =3,
B

[ B

c
Find the exact value of COS(O‘ - 5) .
Markscheme

METHOD 1
AC = 5and AB = v/13 (may be seen on diagram) (A1)
_ 3 o4
COSQ = 5 SIBa = 5 rq)
3 : 2
cosf=—-= sinf=-—-=
B vi3and P V13 (A1)
Note: If only the two cosines are correctly given award (A1)(A1)(AO0).
Use of cos(a — B) = cos acos B + sinasin B
— ﬁ X i _|_ é X L
57 V13 5 7 13 (substituting) M1
_ a7 (= 17x/ﬁ)
- 5VI3 65 JA1N1
[6 marks]
METHOD 2
AC = 5amd AB = v/13 (may be seen on diagram) (A1)
__ AC’4+AB’-BC®
Use of (@ T8 = Taoam )
_ 25+13-36 (= 1
2x5x+/13 5v13 ) Al




Use of cos(a + B) + cos(a — B) = 2 cos axcos ()

=3 cosfB =+
COS® = 7 and B V13 (AL)

1 17,13
cos(a — ) = 35 (=2X 5 % %_5_\}@) (= 6_\2_)A1N1
[6 marks]
9. [5 marks]
'{he diagram below shows a curve with equation ¥ = 1 + ksine  defined for 0 < < 37
M B

The point A (% ’ _2) lies on the curve and B(@, b) is the maximum point.
(@) Show thatk =—6.

(b) Hence, find the values of aand b .

Markscheme

—3=5kp
k= —6AG NO

(b) METHOD 1

maximum = sinz = —1M1
a=3
- 2 Al

b=1-6(-1)

= TA1 N2

METHOD 2

¥ =0m1

kcosz =0=z = 7,

_ 3w
=5 A1

b=1- 6(—1)
= TA1 N2

(%, 7)
Note: Award A1A1 for \"2 .

[5 marks]
10. [5 marks]
us

1 1) _

() Show that arctan (3) +arctan (3) = §
(b) Hence, or otherwise, find the value of arctan(2) + arctan(3)
Markscheme

(d METHOD 1
let T = arctan% = tanzx = %

3
7, P

Y= arctan% = tany = L

and 3
tan z+tany 3+3
— _ 275 _
tan(a:—i—y) T l-tanztany = 1 L, 1 T 1
273 M1

s0, T +y =arctanl = %AlAG
METHOD 2

=Y



z+y
arctanx 4+ arctany = arctan( ) .
forz, y >0 + vy= 1-zy ) jfzy < Im1
1,1
arctan 5 + arctan § = arctan ( ] ) =T
1-1x1

S0, 273 Al1AG
METHOD 3

an appropriate sketch M1

R

A

e.g. P

™
correct reasoning leading to 2 R1AG
(b) METHOD 1

arctan(2) + arctan(3) =  —arctan (3) + § —arctan (3) )
=7 — (arctan( ) + a.rcta,n( )) (A1)

Note: Only one of the previous two marks may be implied.
L 3r

7T YT 4ALNL

METHOD 2

letz = arctan2 = tanz = 2and ¥ = arctan3 = tany =3
tanz+tany 243

tan(a: +y) l—tanz tany ~ 1-2x3 ~ _1(|\/|1)

asz<cc<— (accept 0 < = < )

and 1 <¥<73 (accept0<y<%)
§<w—|—y<1r (accept0<w+y<7r)(Rl)
Note: Only one of the previous two marks may be implied.

z+y= N\
METHOD3

for, y >0 arctan z + arctany = arctan ( ) +mwifzy > 1
7

arctan 2 + arctan 3 = arctan (

(M1)
2+3

, 1—2x3) + W(Al)

Note: Only one of the previous two marks may be implied.

_ 3T

~ 4 ALN1
METHOD 4
an appropriate sketch M1




Q

G

A £

P
e.g.

: : 3m

correct reasoning leadingto 4 R1A1
[5 marks]

. [20 marks]
(2) Show that Sin 2nz = sin ((2n + 1)z) cosz — cos ((2n + 1)z) sinz,
(b) Hence prove, by induction, that

sin 2
cosz + cos3z + cosbz + ...+ cos ((2n — 1)z) = 111. nx ,
2sinz
forallm € Z", sinz #0
_ 1
(c) Solve the equation €05 % + 083z = 3, 0 <z <7

Markscheme
(a) Sin(2n + 1)z cosz — cos(2n + 1)z sinz = sin(2n + 1)z — z)j1A1
= sin 2nzAG

[2 marks]
(b) if n=1M1
LHS = cosx vul
__ sSmzr __ sSinxrcosxr __
RHS = 2sinz  2sma _ COSTp\p

so LHS = RHS and the statement is true for n =1 R1
assume true for n =k M1

Note: Only award M1 if the word true appears.

Do not award M1 for ‘let n = k” only.

Subsequent marks are independent of this M1.

cos & + cos 3z + cos 5z + ... + cos(2k — 1)z = SnZk

SO 2sinx

if n=k+ 1 then
cosz + cos 3z + cos 5z + ... + cos(2k — 1)z + cos(2k + 1)apgq

= 2k 4 cos(2k + 1)z pq

2sinz
__ sin 2kz+2 cos(2k+1)z sin =
- 2sinz M1
__ sin(2k+41)x cos £—cos(2k+1)z sin 42 cos(2k+1)z sin
- 2sinz M1
__ sin(2k+1)z cos z+cos(2k+1)z sin
- 2sinz Al
__ sin(2k+2)z
— 2sinz M1
_ sin 2(k+1)z
- 2sinz Al

so if true for n =k, then also true forn=k + 1
as true for n = 1 then true for allm € ZTR1
Note: Final R1 is independent of previous work.
[12 marks]

sin 4z 1

(c) 2sinz — 2MI1AL

sindx = sinz
4z = z = z = 0 but this is impossible



— T
43:—7r—a:=>a:—gA1

— — 2r
dr =2+ =2 = 3 AL
. 3r
dr = 3x T=>T=5

for not including any answers outside the domain R1
Note: Award the first M1A1 for correctly obtaining 8cos®z —4cosz —1=0or equivalent and subsequent
1 1+v5
marks as appropriate including the answers ( 2! 4 )
[6 marks]
Total [20 marks]
13. [4 marks]

The graph below shows ¥ = acos(bz) + ¢,
Y

41

Find the value of a, the value of b and the value of c.

Markscheme
a = 3A1
c=2A1

L =2r _ 3
period — & ~— Y(M1)
__ 2 _
b= 2 (=2.00),,
[4 marks]
14. [6 marks]
If x satisfies the equation S™ (z+ 5) =2sinzsin (§) ,show that 11tanz = a + bv/3 wherea,b € Z*.
Markscheme
sin (a: + %) = sin z cos (%) + cos z sin (%) (M1)

sinz cos (§) 4 coszsin (¥) = 2sinwsin ()

1. V3 _ V3 .
58inz + 5-cosx =2 X 5 sin )4
dividing by cos z and rearranging M1

_ V3
tanz = 231 AL

rationalizing the denominator M1

1ltanz = 6 + /31

[6 marks]
15a. [3 marks]

1 1 1

Given that arctan (3) +arctan (E) = arctan (5) ,where € Z"  find p.
Markscheme
tan(A)+tan(B)

tan(A + B) = T—tan(A) tan(B) M1

attempt at use of
1,1

l1_ 58 (= l)
1 1

P =31

Al



Note: the value of p needs to be stated for the final mark.
[3 marks]
15b. [3 marks]

Hence find the value of FCtan (%) + arctan (%) + arctan (%)
Markscheme

1 1
tan (arctan (%) + arctan (%) + arctan (%)) = Rl =1

arctan (%) + arctan (%) + arctan (%) - %Al

[3 marks]
16a. [3 marks]
Solve the equation 3cos?z — 8 cos z + 4 = 0, where 0 < = < 180° | expressing your answer(s) to the nearest
degree.
Markscheme
attempting to solve for cos x or for u where 4 = cos  or for x graphically. (M1)
EITHER
cosz = 2 (and 2)(A1)
OR
x = 48.1897...° (A1)
THEN
x = 48°A1
Note: Award (M1)(A1)A0 for T = 48°, 132°
Note: Award (M1)(A1)AO for 0.841 radians.
[3 marks]
16b. [3 marks]
Find the exact values of sec z satisfying the equation 3sec*z — 8sec’z +4 = 0,

Markscheme
attempting to solve for sec « or for v where v = sec z. (M1)

secx = ++/2 (and + \/%) (A1)

secz = +v/2A1
[3 marks]
17a. [2 marks]
sin 26
Show that 1+cos 26

Markscheme
sin 20 2 sin f cos 0

14+cos20 = 142cos?6—1 M1

Note: Award M1 for use of double angle formulae.
__ 2sinfcosf

T 2cos?6 Al

__ sin@

" cos@

= tan 0AG
[2 marks]
17b. [3 marks]

Hence find the value of °F T in the form @ + bv/2 ‘wherea,b€ Z,

= tanf

Markscheme

T sin
tan 8 I+cos (M1)
cot % _ 1+-C0:Z

Slnz Ml

_ g
R

2
=1++2p1
[3 marks]

19a. [2 marks]

1 1+cosz
o CoOS 5 & = 0w
Use the identity cos 20 = 2cos?@ — 1 to prove that 2 z T ET R

8



Markscheme

cos z = 2cos? %:L'—].

1 _ 14cos
Cos 5T =+4/—5— M1

positive as 0 < z < mR1

1 [/ 1+4cosz
COS 2 Tr — — AG

[2 marks]
19b. [2 marks]

in L
Find a similar expression for SiB 3 %, 0 Sz <

Markscheme

cos 260 = 1 — 2sin?(M1)
sin 2 o = /152 AL
[2 marks]

19c. [4 marks] W
Hence find the value of Jo’ (\/1 +cosz+v1—cosz)dz,
Markscheme
V2 [i? cos 3 x +sin 7 zdz 4
=+2[2sin 3z — 2cos%a:]03A1
=v2(0) — v2(0 - 2)a1
=2v2p1

[4 marks]
20. [6 marks]

. _ 2
Given that SIBZ + COST = 3 fing cos 4z,
Markscheme

sin?z + cos?z + 2sinz cosz = %(Ml)(Al)

using sin’z + cos?z = 1(M1)

2sinxcosx = — %
using 2 sin ¢ cos £ = sin 2z (M1)
sin2x = — 2

9
cosdx = 1 — 2sin?2zM1
Note: Award this M1 for decomposition of cos 4x using double angle formula anywhere in the solution.

_ 25
=1-2x 81
— 31

— 81Al

[6 marks]

22a. [2 marks]

— 2
Sketch the graph of ¥ = [cos ()] for 0 < @ < 8,
Markscheme

J

0 i
td % x
.-rj r
¥ | AlAL
Note: Award Al for correct shape and Al for correct domain and range.
[2 marks]

9



22b. [3 marks]

Solve |cos (%” =3 for0 < = < 8,
Markscheme

[cos (£)] = 2

z=Fn

attempting to find any other solutions M1

Note: Award (M1) if at least one of the other solutions is correct (in radians or degrees) or clear use of symmetry is
seen.

_ _ 4r _ 207
r=8m 43——83
— _ 4r _ 8
Y
_ 4r _ 167

Note: Award Al for all other three solutions correct and no extra solutions.
Note: If working in degrees, then max AOM1AQ.
[3 marks]

23. [7 marks]

. . . 2
The first three terms of a geometric sequence are SID &, sin 2z anq 4sinzcos™z, — 7 <T< 3G

(a) Find the common ratio r.

(b) Find the set of values of x for which the geometric series sin z + sin 2z + 4 sin zcos®z + . . . converges.

1
Consider T = arccos (Z) y >0

V15
(c) Show that the sum to infinity of this seriesis ~2 .

Markscheme
2

(a) sinz, sin2z and 4sinzcos”z

_ 2sinxzcosx __
r= S —2cos:1:A1

sin 2z
Note: Accept sinz .

[1 mark]
(b) EITHER
7| <1=|2cosz| < 1
OR
—“1l<r<l=-1<2cosz < 1M1
THEN
O<cosz<ifor —ZT<zg<X

™ 271' TI'2 71'2
[3 marks]

sin ¢

(c) S0 = 1-2cosz M1

in arccos( £)

N 1-2 cos (arccos ( % ))

AlAl

Note: Award Al for correct numerator and Al for correct denominator.
V]
2 AG

[3 marks]
Total [7 marks]

24a. [2 marks]
Consider the following functions:
h(z) = arctan(z), z € R
9(@) =7 zeR #0
Sketch the graph of ¥ = h(z).
Markscheme

10



———
/ 7\ .)C
/
FT’_:_’/ "
AlAl
— T
Note: A1 for correct shape, Al for asymptotic behaviour at ¥ = =

[2 marks]
24b. [2 marks]

Find an expression for the composite function h o g(z) and state its domain.
Markscheme

ho g(z) = arctan (1) o;

domain of  © g is equal to the domain of 9 : © € ©, & # 0A1

[2 marks]
24c. [7 marks]

Given that f(z) = h(z) + ho g(z),
(i) find £ (%) in simplified form;

(ii) show that () = 5 forz > 0.
Markscheme

Q) f(z) = arctan(z) + arctan ()
F(@) = g + o X~ &

2 2
e g > M1A1
_ 1
! . 1 22
fl(z) = Tt 2a
2 (Al)
_ 1 1
T 14x2 1422
=0A1
(i) METHOD 1
fis a constant R1
whenz > 0
o T
f) =1+ Imal
_
- 2AG
METHOD 2
T
.ﬂ)\\\
l -
-H-H-"-\.
S
ﬂj fﬁkm
- A

from diagram

6 = arctan %Al

a = arctan zAl

O+a=13Rr

hence F(%) = T AG

METHOD 3

tan (f(z)) = tan (arctan(z) 4 arctan (1)),

11



1
T+

1-2() a1
denominator = 0, so £(2) = 3 (forz > 0)pq
[7 marks]
24d. [3 marks]
Nigel states that [ is an odd function and Tom argues that [ is an even function.
(i) State who is correct and justify your answer.
(ii) Hence find the value of f(@) forz < 0.
Markscheme

(i) Nigel is correct. Al
METHOD 1

1
arctan(z) js an odd function and  is an odd function

composition of two odd functions is an odd function and sum of two odd functions is an odd function R1
METHOD 2

f(—=) = arctan(—z) + arctan (— 1) = —arctan(z) — arctan (1) = —f()
therefore f is an odd function. R1

i) f®) = =31

[3 marks]

12



